The detailed study of the low-energy spectrum for a mobile impurity in the one-dimensional bosonic environment is performed. Particularly we have considered only two analytically accessible limits, namely, the case of an impurity immersed in a dilute Bose gas, where one can use many-body perturbative techniques for low-dimensional bosonic systems, and the case of the Tonks-Girardeau (TG) gas, for which the usual fermionic diagrammatic expansion up to the second order is applied.
I. INTRODUCTION
The behavior of impurity in the various mediums is a cornerstone problem for understanding of numerous phenomena in the condensed matter physics including Kondo effect, Anderson localization, etc. Recently, a great attention of theorists [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] has been paid to the analysis of a mobile impurity properties in the Bose gas. Such a renascence of the old problem well-studied in the context of a single 3 He atom immersed in liquid 4 He (see, for instance [13] [14] [15] [16] , and references there) is stimulated by the success of the experimental techniques [17, 18] where the possibility to control a small amount of impurity particles strongly coupled to the bosonic bath is demonstrated.
A very interesting platform for the theoretical research in the Bose polaron problem is the case of onedimensional environments [19] [20] [21] [22] [23] [24] [25] [26] . It is well-known that due to highly non-trivial physics in the one spatial dimension [27, 28] these systems possess unexpected behavior which very often obstructs their analysis. In some limiting cases, however, they admit analytical treatment [29] or even existence of exact solutions [30] [31] [32] [33] [34] . There is also an experimental realization of the one-dimensional Bose polaron [35] , where a minority of 41 K atoms immersed in the 87 Rb medium was observed during expansion and the prediction for the impurity effective mass within Feynman's framework was given. Essentially exact recent Monte Carlo simulations [36] revealed the impact of the considerable strong phonon-mediated interaction on the properties of a one-dimensional Bose polaron and to describe the system properly one needs to go beyond [37] the Fröhlich model in this case.
II. FORMULATION
We study the properties of a single impurity atom immersed in the Lieb-Liniger gas. It is assumed that the * e-mail: volodyapastukhov@gmail.com impurity interacts with bath particles via contact potential and by choosing appropriately a sign of the coupling constant we reproduce both repulsive and attractive Bose polarons. In order to take an advantage of many-body perturbation theory we consider the Bose-Fermi mixture consisting of a very dilute spinless (spin-polarized) Fermi gas immersed in the bosonic medium. The described model is characterized by the following Hamiltonian
where H 0 describes ideal Fermi gas (m i is the mass of impurity particle)
Here fermionic creation ψ + (x) and annihilation ψ(x) field-operators which refer to the impurity states and satisfy usual anti-commutating relations {ψ(x), ψ
The second term in Eq. (2.1) is the Hamiltonian of Bose particles of mass m interacting with the δ-like repulsive potential
where we have introduced field operators φ + (x), φ(x) of Bose type. Finally, the last term of H takes into account the interaction of Bose-Fermi subsystems
It is well-known that the formulated model (2.1) can be exactly solved within the Bethe ansatz only when m i = m, otherwise some approximate calculational schemes should be applied. But this equal-mass limit is a good benchmark for any perturbative approaches. In the following sections we will consider two opposite models of environments given by Hamiltonian (2.3), namely, a dilute Bose gas (BEC) g → 0, and a case of the TG limit g → ∞.
A. Impurity in the dilute Bose gas
For the low-dimensional systems D ≤ 2, where the condensate does not exist at finite temperatures it is convenient to introduce the phase-density representation [27, 38, 39] for the bosonic operators:
for the phase ϕ(x) and density n(x) = φ + (x)φ(x) fields. Imposing periodic boundary conditions n(x + L) = n(x), φ(x + L) = φ(x) with large "volume" L and making use of the Fourier transform
where n = N/L is the equilibrium density of Bose system; substituting ϕ(x), n(x) in Eq. (2.3), and then performing canonical transformation
that diagonalizes quadratic part of the Hamiltonian H B we finally obtain
where E 0 and E k are the Bogoliubov ground-state energy and quasiparticle spectrum, respectively. Introducing bosonic free-particle dispersion ε k = 2 k 2 /2m one may show that the above-mentioned requirement of diagonalization fixes parameter α k = E k /ε k . It should be noted that in ∆H B the only relevant terms for our twoloop calculations are presented. The functions
describe the simplest scattering processes of the elementary excitations. In the same fashion we rewrite the third term of the Hamiltonian
where operators ψ + p and ψ p are the Fourier transform of ψ + (x) and ψ(x), respectively. Although we are going to discuss the ground-state properties of the impurity atom immersed in a Bose gas for the further analysis we adopt the field-theoretical formulation at finite temperatures [40] . The exact single-particle Green's function of fermions in the four-momentum space is given by
where P = (ν p , p) (ν p is the fermionic Matsubara frequency); ξ i (p) = 2 p 2 /2m i −μ i , where the chemical potential of the Fermi gasμ i = µ i − ng shifted due to interaction with Bose subsystem ensures the particle number conservation. The exact self-energy of impurity is given by two skeleton diagrams depicted in Fig. 1 .
FIG. 1:
Exact diagrammatic representation of self-energy Σ(P ) in the weakly-interacting Bose gas. Bold solid line represents the exact one-particle fermionic Green's function. Dashed line is the bosonic propagator in the Bogoliubov approximation. Dots stand for the zero-order (light) and the exact (black) vertices, respectively.
where we have already took into account diluteness of the Bose gas, i.e., neglected the self-energy corrections to the Green's function G B (K) of Bogoliubov's quasiparticles. This is formally an exact equation that determines the impurity Green's function self-consistently. Technically this program for a given approximation of the boson-fermion vertices Γ b + (P − K, P ) and Γ b (P + K, P ) is very hard for practical realization, therefore, in the following we will use perturbation theory. The appropriative expansion parameter is the coupling constantg that characterizes the intensity of the two-particle BoseFermi interaction which we accept to be small in our calculations. Following this ideology one readily mentions that the correction of orderg 2 to the self-energy Σ (1) (P ) is fully determined by the first diagram in Fig. 1 with
In this approximation the second diagram provides the nonzero contribution only at finite temperatures. On the two-loop level which particularly containsg 3 -andg 4 -terms of the impurity self-energy the situation is more complicated because now we have to take into account six diagrams (see Fig. 2 ) for each vertex Γ b (P + K, P ), Γ b + (P − K, P ) and also to use the impurity Green's function complicated with the first-order correction Fig. 1 . The details of these calculations as well as the explicit formula for the self-energy up to the second order of a perturbation theory can be found in Appendix A. Finally, it should be noted that the obtained in this section second-order formula for the self-energy can be applied to the Bose polaron problem in higher dimensions, for instance, in the three-dimensional case it reproduces results of Ref. [6] . 
B. The Tonks-Girardeau limit
Another interesting limit where the perturbative calculations may be performed analytically is the case of the impurity immersed in the Bose gas with infinite (g → ∞) interparticle repulsion. In this limit the operators φ + (x), φ(x) by means of the Jordan-Wigner transformation can be mapped onto fermionic creation and annihilation field operators. Therefore in the following we have to consider the properties of the one-dimensional Fermi-Fermi mixture with unequal masses of two sorts of particles. The interaction is assumed to be switched on only between atoms of different species. The appropriate grandcanonical Hamiltonian
where ξ p = ε p − µ with µ = 2 p 2 0 /2m (p 0 = πn) being the chemical potential of Bose gas in the TG limit and we have to treat now φ + p and φ p as a Fermi creation and annihilation operators, respectively. Then the impurity self-energy in the TG gas is (see Fig. 3 )
The self-energy of the impurity atom immersed in the TG gas. Here black dot denotes exact vertex T (Q − K; P + K|P ; Q), while light dot stands for the Fourier transformg of a bare interaction potential.
Here again we incorporated the Hartree term to the redefinition of the impurity binding energy µ i →μ i and introduced notation for the one-particle Green's function G 0 (Q) = 1/[iν q − ξ q ] of a bosonic medium in the infiniteg limit. Keeping in mind perturbative consideration in terms of the impurity-boson coupling parameter we obtain the self-energy in the simplest approximation by replacing the vertex T (Q − K; P + K|P ; Q) withg. The second-order calculation requires both vertex corrections presented in Fig. 4 and the one-loop self-energy insertion in the internal impurity propagator of a diagram in Fig. 3 (for more details see Appendix B).
FIG. 4:
One-loop diagrams contributing to the two-particle vertex T (P ; Q|Q + K; P − K).
In general, the impurity spectrum can be found from the poles of retarded Green's function. Particularly for the real part of the spectrum one obtains
where Σ R (ν, p) = ℜΣ(P )| iνp→ν+i0 is the real part of an analytically-continued in the upper complex half-plane self-energy. Up to the second order of the perturbation theory Eq. (2.13) reads
where Σ
R (ν, p) and Σ
R (ν, p) are real parts of the oneand two-loop corrections to the self-energy, respectively. Absence of the Fermi surface for the impurity atom guarantees that its spectrum is gapless, i.e., ξ * i (p → 0) → 0. In the long-wavelength limit it is characterized by the effective mass only, and by expanding the right-hand side of the above equation we are in position to calculate both the impurity biding energy 15) and the inverse effective mass
where the superscript denotes the order of perturbation theory.
III. RESULTS

A. One-loop calculations
The general low-energy structure of the impurity Green's function is visible even in the simplest approximation. Therefore it is worthwhile to discuss the firstorder result in more details furthermore that these calculations in the small-g limit can be performed analytically. In particular, for the first correction to the impurity binding energy, which is determined only by Σ 17) and in the TG limit
is presented in Fig. 5 . The dimensionless coupling con- stant α =g/(2π c) (with c being the sound velocity in both cases, i.e, c = ng/m and c = p 0 /m in BEC and TG limits, respectively) is the expansion parameter which controls the limits of applicability of our perturbative results. At finite momenta the self-energy Σ R (ξ i (p), p) in the BEC side is non-monotonic function of the wave-vector with logarithmic divergence at p = m i c/ , i.e., when the velocity of impurity reaches the value of the velocity of sound propagation in the bosonic system. Qualitatively the same behavior of the impurity self-energy is observed in the TG gas. Furthermore, from the exact solution of Lieb and Liniger model [41] we learn that the spectrum of system [42] contains two phononlike branches in the long-length limit for any finite value of coupling constant g. Therefore these divergences always appear indicating a non-perturbative nature of the impurity self-energy in the momentum region close to p = m i c. On the other hand it is well-known that the impurity moving with supersonic velocity starts to dissipate its energy by producing elementary excitations in the bosonic bath. In the one spatial dimension this dissipation is so intensive that the imaginary part of the selfenergy Σ (1) I (ξ i (p), p)/(ng) = −πα/γ, (p = m i c/ + 0) is of order magnitude to the real one, in what follow we cannot neglect the damping and use Eq. (2.14) to determine the impurity spectrum at this point. But in the longwavelength limit p ≪ m i c/ the damping is absent so the perturbative impurity spectrum is well-defined. The one-loop contribution to the effective mass is given by ∆ (1)
2 in the TG limit and by
in the dilute one-dimensional Bose gas. No less interesting is the behavior of the impurity wave-function renormalization (quasiparticle residue) Z
It is easy to show by the direct calculations that the above derivative is logarithmically divergent for any p both in the BEC and TG limits. Particularly it means that the series expansion of the inverse retarded Green's function, calculated in the first-order of perturbation theory, reads (ν → ξ *
where dots stand for the finite terms. Being independent of the wave-vector these divergences suggest the exact Green's function to have a branch-point singularity (η(0) = η)
This statement is supported by the explicit calculation of the exponent η since in both analytically available cases we obtained the same value
on the one-loop level. Looking ahead it should be noted that this power-law behavior of the impurity Green's function is perfectly confirmed by the second-order perturbation theory calculations.
B. Two-loop results
The numerical calculations up to the second-order of perturbation theory requires more computational efforts.
Particularly the expansion for binding energy correction in the BEC limit reads µ (2) i /ng =g g α 2 ǫ
(2,1)
BEC (γ). In the TG case the above expansion contains single term µ
T G (γ). For comparison in Fig. 6 we built all three curves. It is seen that function ǫ (2, 2) BEC (γ) is almost two order magnitude larger than ǫ (2,2) BEC (γ) which particularly means that even in a weaklyinteracting Bose gas the quasiparticle-mediated impurity potential is not negligible. In the TG limit when γ = 1 
BEC (γ) and TG ∆ (2)
T G (γ) limits, respectively (functions δ (2,1)
BEC (γ) and δ (2) T G (γ) are plotted on Fig. 7 and Fig. 8 ). It is easy to verify that 
T G (γ) determining the two-loop result for an effective mass in the TG limit.
the numerically calculated TG effective mass in the integrable limit perfectly coincide with the exact expansion T G (γ) on the mass ratio parameter γ. This signals the break down of an ordinary perturbation theory at large mass imbalance in the TG limit and in order to resolve this problem one needs to take into account infinite series of diagrams (ladder summation in the particle-particle or particle-hole [43] 
channels).
Our second-order perturbative calculations of the selfenergy allow to obtain the above presented exponent η on the two-loop level. In the same manner as it was done before (see Eq. (3.20) ) by the explicit series expansion of the retarded impurity Green's function in the vicinity of a singular point ν → ξ *
where η (1) was already given by Eq. (3.22) and value of the second correction η (2) depends strongly on the properties of bosonic environment. The presence of the ln 2 -divergences with a proper factor 1 2 [η (1) ] 2 proves our original suggestion (3.21) . Combining the first-and secondorder results we obtain in the BEC limit
The TG limit demonstrates an unexpected behavior η
T G = 0 instead. Such a dependence of the secondorder correction η (2) led us to conclusion that the exact value of an exponent responsible for the non-analytic behavior of the impurity Green's function is given by η = n (∂µ i /∂n) 2 /(2π mc 3 ). Indeed, it is easy to verify that µ
(1) i that determines η (2) does not depend on density of the medium in the TG limit and that a derivative ∂µ (1) i /∂(ng) in the BEC side is equal to the expression in square brackets of Eq. (??). Of course, it is too optimistic to write down the whole result only with the second-order perturbative calculations in hand but exactly the same formula for η as well as a singular behavior (3.21) of the impurity propagator can be proven by using a technique similar to that of Refs. [44, 45] .
IV. CONCLUSIONS
In summary, by applying perturbation theory up to the second order we have revealed the detailed lowenergy structure of the spectrum (binding energy and effective mass) for a mobile impurity immersed in the one-dimensional bosonic environment. Considering our system as a Fermi-Bose mixture with the vanishingly small fermionic density we found that the interaction with bosonic medium crucially changes the single-particle impurity Green's function providing the latter to exhibit branch-point singularity. Using our second-order perturbative results we have proposed the general formula for the non-universal exponent determining this behavior. It is also demonstrated that the induced interaction especially in the case of a large mass imbalance has a profound effect on the behavior of a single impurity atom in the one-dimensional Bose gas. The calculations of the one-loop diagrams (see Fig. 1 ) in the BEC side at zero temperature yield
The second-order result is more cumbersome for evaluation nevertheless still tractable. While calculating the one-loop correction to vertices we find that only four diagrams in Fig. 2 are non-zero at T = 0. Furthermore, by substituting these eight terms in Eq. (2.10) one concludes that only five contribute to the self-energy with the result: 24) where the symmetric functions D ± (k, s) read
[k(k + s)(α k − 1)(α k+s ± 1) + s(s + k)(α s − 1)(α k+s ± 1) ± ks(α k − 1)(α s − 1)] .
B. TG gas
The self-energy calculations in the TG limit is much simpler. For instance, on the one-loop level we obtained 25) where n q = θ(p 0 − |q|) is a unit step-function. The impurity-boson particle-hole diagram reads
, (5.26) and notation for particle-particle bubble
is used. Taking into account the vertex corrections (see Fig. 4 ) the calculations in the next order of perturbation theory give
Both Π q (P ) and t q (P ) on the "mass-shell" iν p → ξ i (p) can be written in terms of elementary functions. It is easy to argue that the contribution of the self-energy insertion to the impurity spectrum is of orderg 4 and therefore is neglected in the present study.
